We fermionize the two-dimensional free Lifshitz scalar field in order to identify what the gauge covariant couplings are, and then they are bosonized back to get the gauged Lifshitz scalar field theories. We show that they give the same physical modes with those of the corresponding Lorentz invariant gauged scalar theories, although the dispersion relations are different.
Introduction
A Lifshitz scalar field theory [1, 2, 3, 4] has been studied in the condensed matter physics as a description of tricritical phenomena involving spatially modulated phases. The Lifshitz index z reflects the anisotropic scaling between space and time, x → bx and t → b z t, and the Lifshitz scalar theory describes a free field fixed point z = 2 in four dimensions. The Lorentz invariance emerges as an accidental symmetry at long distances. Recently, a renormalizable theory of gravity has been also suggested by Hořava, so called Hořava-Lifshitz gravity [5, 6, 7] .
On the other hand, as for the gauge coupling to the Lifshitz fields, it seems to be ad hoc in that the gauge transformation of the real scalar field is arbitrary. Recently, we have obtained two-dimensional gauged Lifshitz scalar field theories by considering the duality relation between the source current and the Noether current [8] . Now, for a more systematic gauge coupling, we want to take advantage of the two-dimensional theory, i.e., bosonization rules [9, 10, 11, 12] .
First, the higher-derivative Lifshitz term can be lowered by introducing an auxiliary field, then all relevant terms become the first order derivative terms, which can be fermionized using the fermion-boson equivalence. However, we have to note that the first order form of the Lifshitz term produces a second class constraint [13] , but one can make it the first class constraint system by adding counter-action without changing the physical contents. Then, the advantage of the fermionic representation is that the minimal coupling to the gauge field is clear based on the gauge principle. In other words, we just change the ordinary derivative to the gauge covariant derivative for the minimal coupling. Once we get the gauged fermionic actions, then we recover the bosonic expression by means of the bosonization. In fact, there appear two types of couplings called the vector and the chiral, where they exactly recover the bosonized Schwinger model for the vector case and the bosonized chiral Schwinger model for the chiral case for the vanishing Lifshitz term [14, 15, 16, 17, 18] . In particular, for the latter case, the gauge anomaly appears from the chiral gauge coupling and the first order expression of the Lifshitz term simultaneously, so we have to determine the new Wess-Zumino action to cancel out the gauge anomaly [19, 20, 21, 22, 23, 24] .
In section 2, the two-dimensional Lifshitz scalar term can be formulated in terms of the first order form by introducing one auxiliary field; however, as the above mentioned, we can maintain the first class constraint system by adding a counter-action to the first order Lifshitz action without changing physical contents. In section 3, for the vector and the chiral couplings, it turns out that the final bosonic actions are just the vector and the chiral Schwinger models with the modified dispersion relations. In particular, for the chiral coupling, the bosonization process generates the gauge anomaly with one parameter gauge ambiguity. So, the Wess-Zumino action can be added to cancel out the gauge anomaly; however, it is slightly different from the conventional one because the symmetry breaking comes from the counter-action too. As a result, even for the chiral coupling, the gauged scalar theory can be consistently formulated. Finally, conclusion and discussion will be given in section 4.
First order form of Lifshitz scalar action
The Lagrangian describing a Lifshitz real scalar field φ up to the fourth derivatives is given as
, where x µ = (t, x), and the metric is η 00 = 1. The parameter β is an arbitrary constant, which can be restricted by based on physical requirements in later. The overdot and the prime denote the derivatives with respect to t and x, respectively. Introducing an auxiliary field λ for conveniences, the Lagrangian density can be written as [8] 
Note that this is a second class constraint system because the primary constraint Π λ ≈ 0 and the secondary constraint β(λ + φ ′′ ) ≈ 0 does not commute. The simplest way to recover the broken local symmetry is to add an action as
is invariant where the symmetry is implemented by δλ = ξ and δΘ = −ξ. It is natural to recover the original Lagrangian by choosing an appropriate gauge like the unitary gauge condition of Θ ≈ 0, so that the reduced Hamiltonian becomes
where Π φ is a conjugate momentum of φ, and the Lifshitz parameter is assumed to be β > 0 in order for the positivity of the reduced Hamiltonian.
The main goal is to obtain the gauged version of the Lifshitz scalar field theories; however, it is not easy to achieve it in a systematic way. In particular, in two dimensions, there are bosonization (or fermionization) rules [9, 10, 11, 12] :
especially, φ ′ → √ πΨγ 0 Ψ with ǫ 01 = +1. Then, the Lagrangian density of Lifshitz action and the counter-action can be written in terms of the fermionic variables as
where
3 Lifshitz-Schwinger Model
Vector coupling
We note that it is easy to couple the gauge field to the fermionic variable with the help of the gauge symmetry. Now, considering the minimal coupling of the gauge field, the total Lagrangian density of gauged Lifshitz-fermion with the Maxwell term can be written as
Then, we can write the gauged bosonic version using the bosonization rules, which yields
Note that the minimal coupling appears just at the fermionic kinetic term because the other couplings are already gauge invariant. From the Noether current,
ǫ µν A ν , which is not gauge invariant but conserved as ∂ µ J µ N = 0, one can define the gauge invariant current as
, which has an axial anomaly,
Next, using the equations of motion,
we obtain one massive physical mode with the modified dispersion relation of 2 + β∂ 4 x + e 2 π * F = 0 by eliminating the redundant variables of φ, λ and Θ, where * F = 1 2 ǫ µν F µν = −(e/ √ π)φ. At last, the reduced Hamiltonian can be bounded
π φ 2 , assuming β > 0.
Chiral coupling
Now, we are going to consider the chiral coupling, and the chiral gauged Lifshitz-fermion is given as
and its corresponding bosonic action becomes
where we used the bosonization rule and changed the coupling e → 2e √ π for convenience. The mass term reflects the bosonization ambiguity a [16] , and the last term is new Wess-Zumino action to cancel the gauge anomaly
where the gauge transformation is defined by δA µ = (1/e)∂ µ Λ, δφ = −Λ, δθ = Λ, and δλ = δΘ = 0. Note that the last term in Eq. (9) comes from the Lifshitz term. From the chiral action (8), we obtain the equations of motion:
After some calculations, they can be reduced to 2 + e 2 a (a − 1)2 + aβ∂ 4 x Φ = −e 2 a2Φ by eliminating * F , θ, λ and Θ, where Φ = φ + θ. In fact, there are three primary constraints and the two secondary constraints with the two gauge fixing conditions of θ ≈ 0, Θ ≈ 0. The condition of θ = 0 requires one more stability condition, so that there exist (6 × 2 variables)−(8 constraints)=(2 × 2 degrees of freedom) in the phase space. So, the physical dispersion relations in the Fourier modes are
. It shows that there are one massless mode from the (−) sign and one massive mode of m 2 = e 2 a 2 /(a − 1) from the (+) sign which is non-tachyonic for a > 1. Actually, we defined the mass as a zero momentum limit of the energy. Now, it is natural to get the bounded reduced
Hamiltonian,
for β > 0 and a > 1.
Discussion
We have studied how to obtain the gauge couplings in the Lifshitz scalar field theory in two 1 ) for the large k 1 . In fact, It has one maximum and one minimum group velocity so that it can be bounded. For the massive mode, as expected, the group velocity is monotonically increased like the Newtonian case. On the other hand, the energies (ω) are always larger than those of the relativistic ones because of the positive contribution to the dispersion relation.
Finally, one might wonder how the massive modes appear and what the underlying mechanism for the mass generation is in these two models? Note that the masses are in fact independent of the Lifshitz coupling β. Moreover, the gauged vector and chiral Lifshitz models clearly become the bosonized Schwinger model and the bosonized chiral Schwinger model for β = 0, respectively. It means that the mass generation has something to do with the mass generation of the original models without Lifshitz terms. For the vector coupling, the vector current should be written in terms of the gauge invariant fashion to keep the gauge invariance in the bosonized version which corresponds to the quantized version of the original fermionic theory. Thanks to the (local) gauge invariance and the conservation of the vector current, the gauge invariant axial current becomes anomalous. In this case, the global symmetry has been broken. By the way, as for the case of the chiral coupling, the theory becomes anomalous after quantization, i.e., the chiral current which is a source current is not conserved because of lack of the local gauge invariance. It is a crucial difference between the vector and the chiral models. Thus, different types of anomaly called the axial anomaly for the former case and the chiral anomaly for the latter case are related to each mass generation, which consequently affect the equations of motion for the gauge field. So, the mass appears in the gauge-invariant fashion for the vector case while it appears in the gauge-noninvariant fashion for the chiral case. In particular, one can note that the mass parameter is connected with the coupling constant because the coupling e has the mass dimension only in two dimensions. Unfortunately, it is not easy to realize the above anomaly argument for the mass generation up to four dimensional theories even in spite of the similarity of anomalous structures.
